Abstract. We study the index of the APS boundary value problem for a strongly Callias-type operator D on a complete Riemannian manifold M . We use this index to define the relative η-invariant η(A1, A0) of two strongly Callias-type operators, which are equal outside of a compact set. Even though in our situation the η-invariants of A1 and A0 are not defined, the relative η-invariant behaves as if it were the difference η(A1) − η(A0). We also define the spectral flow of a family of such operators and use it compute the variation of the relative η-invariant.
Introduction
In [12] we studied the index of the Atiyah-Patodi-Singer (APS) boundary value problem for a strongly Callias-type operator on a complete odd-dimensional manifold with non-compact boundary. We used this index to define the relative η-invariant η(A 1 , A 0 ) of two strongly Calliastype operators on even-dimensional manifolds, assuming that A 0 and A 1 coincide outside of a compact set.
In this paper we discuss an even-dimensional analogue of [12] . Many parts of the paper are parallel to the discussion in [12] . However, there are two important differences. First, the Atiyah-Singer integrand was, of course, equal to 0 in [12] , which simplified many formulas. In particular, the relative η-invariant was an integer. As opposed to it, in the current paper the Atiyah-Singer integrand plays an important role and the relative η-invariant is a real number. More significantly, the proof of the main result in [12] was based on the application of the Callias index theorem, [2, 14] . This theorem is not available in our current setting. Consequently, a completely different proof is proposed in Section 3.
We now briefly describe our main results.
Strongly Callias-type operators.
A Callias-type operator on a complete Riemannian manifold is an operator of the form D = D + Ψ where D is a Dirac operator and Ψ is a self-adjoint potential which anticommutes with the Clifford multiplication and satisfies certain growth conditions at infinity. In this paper we impose slightly stronger growth conditions on Ψ and refer to the obtained operator D as a strongly Callias-type operator. Our conditions on the growth of Ψ guarantee that the spectrum of D is discrete. The Callias-type index theorem, proven in different forms in [2, 7, [13] [14] [15] , computes the index of a Callias-type operator on a complete odd-dimensional manifold as the index of a certain operator induced by D on a compact hypersurface. Several generalizations and applications of the Callias-type index theorem were obtained recently in [8, 11, 16, 21, 22, 27] . P. Shi, [26] , proved a version of the Callias-type index theorem for the APS boundary value problem for Callias-type operators on a complete odd-dimensional manifold with compact boundary.
Fox and Haskell [18, 19] studied Callias-type operators on manifolds with non-compact boundary. Under rather strong conditions on the geometry of the manifold and the operator D they proved a version of the Atiyah-Patodi-Singer index theorem.
In [12] we studied the index of the APS boundary value problem on an arbitrary complete odd-dimensional manifold with non-compact boundary and defined a relative η-invariant for two strongly Callias-type operators which "coincide at infinity". In the current paper, we obtain an even-dimensional analogue of [12] . This version is closer in form to the original Atiyah-PatadiSinger formula. While the results of [12] can be considered as a generalization of the Callias-type index theorem to manifolds with boundary, the results of the current paper should be viewed as a generalization of the Atiyah-Patadi-Singer theorem to non-compact manifolds. The proof of our main result is quite different from the proof in [12] since in even-dimensional case we can not use the Callias index theorem.
An almost compact essential support.
A manifold M , whose boundary is a disjoint union of two complete manifolds N 0 and N 1 , is called essentially cylindrical if outside of a compact set it is isometric to a cylinder [0, ε] × N ′ , where N ′ is a non-compact manifold. It follows that manifolds N 0 and N 1 are isometric outside of a compact set.
We say that an essentially cylindrical manifold M 1 , which contains ∂M , is an almost compact essential support of D if the restriction of D * D to M \ M 1 is strictly positive and the restriction of D to the cylinder [0, ε] × N ′ is a product, cf. Definition 2.27. Every strongly Callias-type operator on M which is a product near ∂M has an almost compact essential support.
Theorem 2.28 states that the index of the APS boundary value problem for a strongly Calliastype operator D on a complete manifold M is equal to the index of the APS boundary value problem of the restriction of D to its almost compact essential support M 1 .
1.3.
Index on an essentially cylindrical manifold. Let M be an essentially cylindrical manifold and let D be a strongly Callias-type operator on M , whose restriction to the cylinder [0, ε] × N ′ is a product. Suppose ∂M = N 0 ⊔ N 1 and denote the restrictions of D to N 0 and N 1 by A 0 and −A 1 respectively (the sign convention means that we think of N 0 as the "left boundary" and of N 1 as the "right boundary" of M ). Let D B denote the operator D with APS boundary conditions. Let α AS (D) denote the Atiyah-Singer integrand of D. This is a differential form on M which depends on the geometry of the manifold and the bundle. Since all structures are product outside of the compact set K, this form vanishes outside of K. Hence, M α AS (D) is well-defined and finite. Our main result here is that
depends only on the operators A 0 and A 1 and does not depend on the interior of the manifold M and the restriction of D to the interior of M , cf. Theorem 3.4.
1.4.
The relative η-invariant. Suppose now that A 0 and A 1 are self-adjoint strongly Calliastype operators on complete manifolds N 0 and N 1 . An almost compact cobordism between A 0 and A 1 is a pair (M, D) where M is an essentially cylindrical manifold with ∂M = N 0 ⊔ N 1 and D is a strongly Callias-type operator on M , whose restriction to the cylindrical part of M is a product and such that the restrictions of D to N 0 and N 1 are equal to A 0 and −A 1 respectively. We say that A 0 and A 1 are cobordant if there exists an almost compact cobordism between them. In particular, this implies that A 0 and A 1 are equal outside of a compact set. Let D be an almost compact cobordism between A 0 and A 1 . Let B 0 and B 1 be the APS boundary conditions for D at N 0 and N 1 respectively. Let ind D B 0 ⊕B 1 denote the index of the APS boundary value problem for D. We define the relative η-invariant by the formula
It follows from the result of the previous section, that η(A 1 , A 0 ) is independent of the choice of an almost compact cobordism.
If M is a compact manifold, then the Atiayh-Patodi-Singer index theorem [3] implies that η(A 1 , A 0 ) = η(A 1 ) − η(A 0 ). In general, for non-compact manifolds, the individual η-invariants η(A 1 ) and η(A 0 ) might not be defined. However, η(A 1 , A 0 ) behaves like it were a difference of two individual η-invariants. In particular, cf. Propositions 4.9-4.10,
1.5. The spectral flow. Consider a family A = {A s } 0≤s≤1 of self-adjoint strongly Callias-type operators on a complete Riemannian manifold. We assume that there is a compact set K ⊂ M such that the restriction of A s to M \K is independent of s. Since the spectrum of A s is discrete for all s, the spectral flow can be defined in a more or less usual way. By Theorem 5.10, if A 0 is a self-adjoint strongly Callias-type operator which is cobordant to A 0 (and hence, to all A s ), then
The derivative d dsη (A s , A 0 ) can be computed as an integral of the transgression form -a differential form canonically constructed from the symbol of A s and its derivative with respect to s. Thus (1.2) expresses the change of the relative η-invariant as a sum of 2 sf(A) and a local differential geometric expression.
Boundary value problems for Callias-type operators
In this section we recall some results about boundary value problems for Callias-type operators on manifolds with non-compact boundary, [12] , keeping in mind applications to even-dimensional case. The operators considered here are slightly more general than those discussed in [12] , but all the definitions and most of the properties of the boundary value problems remain the same.
2.1. Self-adjoint strongly Callias-type operators. Let M be a complete Riemannian manifold (possibly with boundary) and let E → M be a Dirac bundle over M , [23, Definition II.5.2] . In particular, E is a Hermitian bundle endowed with a Clifford multiplication c : T * M → End(E) and a compatible Hermitian connection ∇ E . Let D : C ∞ (M, E) → C ∞ (M, E) be the Dirac operator defined by the connection ∇ E . Let Ψ ∈ End(E) be a self-adjoint bundle map (called a Callias potential).
is a formally self-adjoint Dirac-type operator on E and 
for all x ∈ M \ K R . In this case, the compact set K R is called an R-essential support of D.
Remark 2.3. Condition (i) of Definition 2.2 is equivalent to the condition that Ψ anticommutes with the Clifford multiplication: c(ξ), Ψ + = 0, for all ξ ∈ T * M .
2.4.
Graded self-adjoint strongly Callias-type operators. Suppose now that E = E + ⊕ E − is a Z 2 -graded Dirac bundle such that the Clifford multiplication c(ξ) is odd and the Clifford connection is even with respect to this grading. Then
are formally adjoint to each other. Assume that the Callias potential Ψ has odd grading degree, i.e.,
where Ψ ± ∈ Hom(E ± , E ∓ ) are adjoint to each other. Then we have Remark 2.6. When M is an oriented even-dimensional manifold there is a natural grading of E induced by the Hodge * -operator. We will consider this situation in the next section.
Remark 2.7. Suppose there is a skew-adjoint isomorphism γ : E ± → E ∓ , γ * = −γ, which anticommutes with multiplication c(ξ) for all ξ ∈ T * M , satisfies γ 2 = −1, and is flat with respect to the connection ∇ E , i.e. [∇ E , γ] = 0. Then ξ → γ•c(ξ) defines a Clifford multiplication of T * M on E + and the corresponding Dirac operator isD + = γ • D + . Suppose also that γ commutes with Ψ. Then Φ + = −iγ •Ψ + is a self-adjoint endomorphism of E + . In this situation,
is a strongly Callias-type operator in the sense of [12, Definition 3.4 ].
2.8.
Restriction to the boundary. Assume that the Riemannian metric g M is product near the boundary, that is, there exists a neighborhood U ⊂ M of the boundary which is isometric to the cylinder
In the following we identify U with Z r and denote by t the coordinate along the axis of Z r . Then the inward unit normal vector to the boundary is given by τ = dt.
Furthermore, we assume that the Dirac bundle E is product near the boundary. In other words we assume that the Clifford multiplication c : T * M → End(E) and the connection ∇ E have product structure on Z r , cf. [12, §3.7] .
Let D be a Z 2 -graded Dirac operator. In this situation the restriction of D to Z r takes the form
where
are formally self-adjoint operators.
Remark 2.9. It would be more natural to use the notation A + and A − instead of A and A ♯ . But since in the future we only deal with the operator A :
we remove the superscript "+" to simplify the notation.
Let D = D + Ψ be a graded self-adjoint strongly Callias-type operator. Then the restriction of D to Z r is given by
) are self-adjoint bundle maps. Therefore A and A ♯ are formally self-adjoint operators. In fact, they are strongly Callias-type operators, cf. Lemma 3.12 of [12] . In particular, they have discrete spectrum. Also,
Definition 2.10. We say that a graded self-adjoint strongly Callias-type operator D is product near the boundary if the Dirac bundle E is product near the boundary and the restriction of the Callias potential Ψ to Z r does not depend on t. The operator A (resp. A ♯ ) of (2.7) is called the restriction of D + (resp. D − ) to the boundary.
2.11.
Sobolev spaces on the boundary. Consider a graded self-adjoint strongly Callias-type operator D :
3). The restriction of D + to the boundary is a self-adjoint strongly Callias-type operator 
For all s ∈ R we define the Sobolev
The Sobolev space H s A (∂M, E + ∂M ) is defined to be the completion of C ∞ A (∂M, E + ∂M ) with respect to this norm.
Generalized APS boundary conditions. The eigensections of
the span of the eigensections of A whose eigenvalues belong to I. Definition 2.14. For any a ∈ R, the subspace 
.
(2.11) Theorem 2.16. Suppose that a graded strongly Callias-type operator (2.3) is product near ∂M . Then the operator D
In particular, it has finite dimensional kernel and cokernel.
Proof. For the case discussed in Remark 2.7 this is proven in Theorem 5.4 of [12] . Exactly the same proof works in the general case. It follows directly from (2.11) that
( 2.13) 2.19. More general boundary value conditions. Generalized APS and dual generalized APS boundary conditions are examples of elliptic boundary conditions, [12, Definition 4.7] . In this paper we don't work with general elliptic boundary conditions. However, in Section 5 we need a slight modification of APS boundary conditions, which we define now.
Definition 2.20. We say that two closed subspaces X 1 , X 2 of a Hilbert space H are finite rank perturbations of each other if there exists a finite dimensional subspace Y ⊂ H such that
The relative index of X 1 and X 2 by
One easily sees that the relative index is independent of the choice of Y . We shall need the following analogue of Proposition 5.8 of [12] : Proposition 2.21. Let D be a graded self-adjoint strongly Callias-type operator on M and let B be a generalized APS or dual generalized APS boundary condition for
is Fredholm and
The proof of the proposition is a verbatim repetition of the proof of Theorem 8.14 of [5] .
As an immediate consequence of Proposition 2.21 we obtain the following 2.23. The splitting theorem. Let M be a complete manifold. Let N ⊂ M be a hypersurface disjoint from ∂M such that cutting M along N we obtain a manifold M ′ (connected or not) with ∂M and two copies of N as boundary. So we can write
We assume that all structures are product near N 1 and N 2 . Let A be the restriction of (D ′ ) + to N 1 . Then −A is the restriction of (D ′ ) + to N 2 and, thus, the restriction of ( (ii) there exist a compact set K ⊂ M and ε ∈ (0, r) such that
+ be a compact perturbation of D + which is product near the boundary (cf. [12, §6.6] ). Let A be the restriction of D + to ∂M . It is also the restriction of (D ′ ) + . We denote by −A 1 the restriction of (D ′ ) + to N 1 . Theorem 6.10 of [12] claims that the index of an elliptic boundary value problem on M can be reduced to an index on an almost compact essential support:
+ be a compact perturbation of D + which is product near N 1 and such that there is a compact essential support for (D ′ ) + which is contained in M 1 . Let B 0 be a generalized APS boundary condition for D + . View (D ′ ) + as an operator on M 1 and let
The index of operators on essentially cylindrical manifolds
In this section we discuss the index of strongly Callias-type operators on even-dimensional essentially cylindrical manifolds. It is parallel to [12, Section 7] , where the odd-dimensional case was considered.
From now on we assume that M is an oriented even-dimensional essentially cylindrical manifold whose boundary ∂M = N 0 ⊔N 1 is a disjoint union of two non-compact manifolds N 0 and N 1 . Let E be a Dirac bundle over M . As pointed out in Remark 2.6, there is a natural Z 2 -grading
We first recall some definitions from [12, Section 7] .
3.1. Compatible data. Let M be an essentially cylindrical manifold and let ∂M = N 0 ⊔ N 1 .
As usual, we identify a tubular neighborhood of ∂M with the product
Definition 3.2. We say that another essentially cylindrical manifold M ′ is compatible with M if there is a fixed isometry between Z r and a neighborhood Z ′ r ⊂ M ′ of the boundary of M ′ .
Note that if M and M ′ are compatible then their boundaries are isometric. Let M and M ′ be compatible essentially cylindrical manifolds and let Z r and Z ′ r be as above. Let E → M be a Z 2 -graded Dirac bundle over M and let D + : C ∞ (M, E + ) → C ∞ (M, E − ) be a strongly Callias-type operator whose restriction to Z r is product and such that M is an almost compact essential support of D + . This means that there is a compact set K ⊂ M such that M \ K = [0, ε] × N and the restriction of D + to M \ K is product (i.e. is given by (2.7)). Let
be a strongly Callias-type operator, whose restriction to Z ′ r is product and such that M ′ is an almost compact essential support of (D ′ ) + . 
In particular, ind D The rest of the section is devoted to the proof of this theorem.
Remark 3.5. In [12] the odd dimensional version of Theorem 3.4 was considered. Of course, in this case α AS vanishes identically and Theorem 7.5 of [12] states that the indexes of compatible operators are equal. The proof in [12] is based on application of a Callias-type index theorem and can not be adjusted to our current situation. Consequently, a completely different proof is proposed below. Then Z (−r,r) := Z r ∪ (−Z ′ r ) is a subset ofM identified with the product
We note thatM is a complete Riemannian manifold without boundary.
∂M denote the restriction of E = E + ⊕ E − to ∂M . The product structure on E| Zr gives a grading-respecting isomorphism ψ : E| Zr → [0, r) × E ∂M . Recall that we identified Z r with Z ′ r and fixed an isomorphism between the restrictions of E to Z r and E ′ to Z ′ r . By a slight abuse of notation we use this isomorphism to view ψ also as an isomorphism
LetẼ →M be the vector bundle overM obtained by gluing E and E ′ using the isomorphism c(τ ) :
′ . This means that we fix isomorphisms
so that
Note that the grading of E is preserved while the grading of E ′ is reversed in this gluing process. ThereforeẼ =Ẽ + ⊕Ẽ − is a Z 2 -graded bundle.
We denote by c ′ : T * M ′ → End(E ′ ) the Clifford multiplication on E ′ and set c ′′ (ξ) := −c ′ (ξ). ThenẼ is a Dirac bundle overM with the Clifford multiplicatioñ
One readily checks that (3.3) defines a smooth odd-graded Clifford multiplication onẼ. Let D : C ∞ (M ,Ẽ) → C ∞ (M ,Ẽ) be the Z 2 -graded Dirac operator. Then the isomorphism φ of (3.2) identifies the restriction ofD ± with D ± , the isomorphism φ ′ identifies the restriction of D ± with −(D ′ ) ∓ , and isomorphism ψ • φ ′ • ψ −1 identifies the restriction ofD ± to −Z ′ r with
Consider the bundle mapsΨ ± ∈ Hom(Ẽ ± ,Ẽ ∓ ) whose restrictions to M are equal to Ψ ± and whose restrictions to M ′ are equal to −(Ψ ′ ) ∓ . The two pieces fit well on Z (−r,r) by Remark 2.3. To sum up the constructions presented in this subsection, we have Lemma 3.7. The operatorsD ± :=D ± +Ψ ± are strongly Callias-type operators onM , formally adjoint to each other, whose restrictions to M are equal to D ± and whose restrictions to
The operatorD + is a strongly Callias-type operator on a complete Riemannian manifold without boundary. Hence, [1] , it is Fredholm. We again denote by α AS (D + ) the AtiyahSinger integrand ofD + . It is explained in the paragraph before Theorem 3.4 that the integral
Proof. SinceM is a union of two essentially cylindrical manifolds, there exists a compact essential supportK ⊂M ofD such thatM \K is of the form S 1 × N . We can chooseK to be large enough so that the restriction ofD to a neighborhood W ofM \K ≃ S 1 × N is a product of an operator on N and an operator on S 1 . Then the restriction of α AS to this neighborhood vanishes. We can also assume thatK has a smooth boundary Σ = S 1 × L.
LetD + be a compact perturbation ofD + (cf. Definition 6.7 of [12] ) in W which is product both near Σ and on W and whose essential support is contained inK. Then
We cutM along Σ and apply the Splitting Theorem 2.24 1 to get SinceD + has an empty essential support inM \K, by the vanishing theorem [12, Corollary 5.13], the second summand in the right hand side of (3.5) vanishes. The first summand in the right hand side of (3.5) is given by the Atiyah-Patodi-Singer index theorem [3, Theorem 3.10] (Note that Σ is outside of an essential support ofD + and, hence, the restriction ofD + to Σ is invertible. Hence, its kernel of the restriction ofD + to Σ is trivial)
where η(0) is the η-invariant of the restriction ofD + to Σ. As α AS (D + ) ≡ 0 on W andD + ≡D + elsewhere, we have
To finish the proof of the lemma it suffices now to show η(0) = 0. Let ω be the inward (with respect toK) unit normal vector field along Σ. Recall that Σ = S 1 × L. We denote the coordinate along S 1 by θ. Suppose that {ω, dθ, e 1 , · · · , e m } forms a local orthonormal frame of T * M on Σ. Then the restriction ofD + =D + +Ψ + to Σ can be written asÂ 
By Lemma 3.8, we obtain ind D 
where we used (2.13) in the middle equality. Also by the construction of local index density,
Combining these equalities with (3.6) we obtain (3.1).
The relative η-invariant
In the previous section we proved that on an essentially cylindrical manifold M the difference ind D B 0 ⊕B 1 − M α AS (D) depends only on the restriction of D to the boundary, i.e., on the operators A 0 and −A 1 . In this section we use this fact to define the relative η-invariant η(A 1 , A 0 ) and show that it has properties similar to the difference of η-invariants η(A 1 )−η(A 0 ) of operators on compact manifolds. For special cases, [19] , when the index can be computed using heat kernel asymptotics, we show that η (A 1 , A 0 ) is indeed equal to the difference of the η-invariants of A 1 and A 0 . In the next section we discuss the connection between the relative η-invariant and the spectral flow.
In the case when A 0 , A 1 are operators on even-dimensional manifolds, an analogous construction was proposed in [12, §8] . Even though the definition of the relative η-invariant for operators on odd-dimensional manifolds proposed in this section is slightly more involved than the definition in [12] , we show that most of the properties of η(A 1 , A 0 ) remain the same. If there exists an almost compact cobordism between A 0 and A 1 we say that operator A 0 is cobordant to operator A 1 .
Lemma 4.3. An almost compact cobordism is an equivalence relation on the set of self-adjoint strongly Callias-type operators, i.e.,
(ii) Let A 0 , A 1 and A 2 be self-adjoint strongly Callias-type operators on odd-dimensional complete Riemannian manifolds N 0 , N 1 and N 2 respectively. Suppose A 0 is cobordant to A 1 and A 1 is cobordant to A 2 . Then A 0 is cobordant to A 2 .
Proof. The proof is a verbatim repetition of the proof of Lemmas 8.2 and 8.3 of [12] . 
4.6. The case when the heat kernel has an asymptotic expansion. In [19] , Fox and Haskell studied the index of a boundary value problem on manifolds of bounded geometry. They showed that under certain conditions (satisfied for natural operators on manifolds with conical or cylindrical ends) on M and D, the heat kernel e −t(D B ) * D B is of trace class and its trace has an asymptotic expansion similar to the one on compact manifolds. In this case the η-function, defined by a usual formula
is an analytic function of s, which has a meromorphic continuation to the whole complex plane and is regular at 0. So one can define the η-invariant of A by η(A) = η(0; A).
Proposition 4.7. Suppose now that D is an operator on an essentially cylindrical manifold M which satisfies the conditions of [19] . We also assume that D is product near ∂M = N 0 ⊔ N 1 and that M is an almost compact essential support for D. Let A 0 and −A 1 be the restrictions of D + to N 0 and N 1 respectively. Let η(A j ) (j = 0, 1) be the η-invariant of A j . Then
Proof. An analogue of this proposition for the case when dim M is odd is proven in [12, Proposition 8.8]. This proof extends to the case when dim M is even without any changes. 
Since D ′′ is an almost compact cobordism between A 1 and A 0 we conclude from (4.2) that
Combining (4.6) and (4.5) we obtain (4.4).
Note that (4.4) implies that η(A, A) = 0 (4.7)
for every self-adjoint strongly Callias-type operator A.
Proposition 4.10 (The cocycle condition). Let A 0 , A 1 and A 2 be self-adjoint strongly Calliastype operators which are cobordant to each other. Then
Proof. Let M 1 and M 2 be essentially cylindrical manifolds such that ∂M 1 = N 0 ⊔ N 1 and 
(4.9)
By the Splitting Theorem 2.24
Clearly,
Combining (4.9), (4.10), and (4.11) we obtain (4.8).
The spectral flow
Suppose A := {A s } 0≤s≤1 is a smooth family of self-adjoint elliptic operators on a closed manifold N . Letη(A s ) ∈ R/Z denote the mod Z reduction of the η-invariant η(A s ). Atiyah, Patodi, and Singer, [4] , showed that s →η(A s ) is a smooth function whose derivative
given by an explicit local formula. Further, Atiyah, Patodi and Singer, [4] , introduced a notion of spectral flow sf(A) and showed that it computes the net number of integer jumps of η(A s ), i.e.,
In this section we consider a family of self-adjoint strongly Callias-type operators A = {A s } 0≤s≤1 on a complete Riemannian manifold. Assuming that the restriction of A s to a complement of a compact set K ⊂ N is independent of s, we show that for any operator A 0 cobordant to A 0 the mod Z reductionη(A s , A 0 ) of the relative η-invariant depends smoothly on s and
5.1.
A family of boundary operators. Let E N → N be a Dirac bundle over a complete odd-dimensional Riemannian manifold N . We denote the Clifford multiplication of T * N on E N by c N : T * N → End(E N ). Let A = {A s } 0≤s≤1 be a family of self-adjoint strongly Callias-type operators A s : 
is a smooth differential operator on M .
Fix a smooth non-decreasing function κ : [0, 1] → [0, 1] such that κ(t) = 0 for t ≤ 1/3 and κ(t) = 1 for t ≥ 2/3 and consider the operator
Then D is product near ∂M . If A is a smooth almost constant family of self-adjoint strongly Callias-type operators then (5.2) is a strongly Callias-type operator for which M is an almost compact essential support. Hence it is a non-compact cobordism (cf. Definition 4.2) between A 0 and A 1 . as an integer that counts the net number of eigenvalues that change sign when s changes from 0 to 1. Several other equivalent definitions of the spectral flow based on different assumptions on the family A exist in the literature. For our purposes the most convenient is the Dai and Zhang's definition [17] which is based on the notion of spectral section introduced by Melrose and Piazza [24] . Definition 5.5. A spectral section for A is a continuous family P = {P s } 0≤s≤1 of self-adjoint projections such that there exists a constant R > 0 such that for all 0 ≤ s ≤ 1, if A s u = λu then
If A satisfies the conditions of the Kato Selection Theorem, then the arguments of the proof of [24, Proposition 1] show that A admits a spectral section.
5.6. The spectral flow. Let P = {P s } be a spectral section for A. Set B s := ker P s . Let B s 0 := H 5.9. Deformation of the relative η-invariant. Let A = {A s } 0≤s≤1 be a smooth almost constant family of self-adjoint strongly Callias-type operators on a complete odd-dimensional Riemannian manifold N 1 . Let A 0 be another self-adjoint strongly Callias-type operator, which is cobordant to A 0 . In Section 5.1 we showed that A 0 is cobordant to A s for all s ∈ [0, 1]. Hence, by Lemma 4.3.
(ii), A 0 is cobordant to A 1 . In this situation we say the A 0 is cobordant to the family A.
The following theorem is the main result of this section.
is a smooth almost constant family of self-adjoint strongly Callias-type operators on a complete odd-dimensional Riemannian manifold N 1 . Assume that A 0 and A 1 are invertible. Let A 0 : C ∞ (N 0 , E 0 ) → C ∞ (N 0 , E 0 ) be an invertible self-adjoint strongly Callias-type operator on a complete Riemannian manifold N 0 which is cobordant to the family A. Then the mod Z reductionη(A s , A 0 ) ∈ R/Z of the relative η-invariant depends smoothly on s ∈ [0, 1] and
The proof of this theorem occupies Sections 5.11-5.14.
5.11.
A family of almost compact cobordisms. Let M be an essentially cylindrical manifold whose boundary is the disjoint union of N 0 and N 1 . First, we construct a smooth family D r (0 ≤ r ≤ 1) of graded self-adjoint strongly Callias-type operators on the manifold • the function s → ρ(r, s) is non-decreasing.
• ρ(r, s) = 0 for s ≤ 1/3 and ρ(r, s) = r for s ≥ 2/3. We note that since the family A r is constant outside of the compact set K, the form β r vanishes outside of K. Hence, ∂M ′ β r is well defined and finite. Thus we obtain from (5. 
